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MATHMATICS IV 

 

1.4 logarithms: In mathematics, the logarithm of a number is the exponent to 

which another fixed value, the base, must be raised to produce that number. For 

example, the logarithm of 1000 to base 10 is 3, because 10 to the power 3 is 1000: 

1000 = 10 × 10 × 10 = 103. More generally, for any two real numbers b and x 

where b is positive and b ≠ 1, 

 

 

The logarithm to base 10 (b = 10) is called the common logarithm and has many 

applications in science and engineering. The natural logarithm has the irrational 

(transcendental) number e (≈ 2.718) as its base; its use is widespread in pure 

mathematics, especially calculus. The binary logarithm uses base 2 (b = 2) and is 

prominent in computer science. 

 

Logarithms were introduced by John Napier in the early 17th century as a means to 

simplify calculations. They were rapidly adopted by navigators, scientists, 

engineers, and others to perform computations more easily, using slide rules and 

logarithm tables. Tedious multi-digit multiplication steps can be replaced by table 

look-ups and simpler addition because of the fact—important in its own right—that 

the logarithm of a product is the sum of the logarithms of the factors: 

 

 

provided that b, x and y are all positive and b ≠ 1. The present-day notion of 

logarithms comes from Leonhard Euler, who connected them to the exponential 

function in the 18th century. 

 

Logarithmic scales reduce wide-ranging quantities to smaller scopes. For example, 

the decibel is a logarithmic unit quantifying sound pressure and signal power 

ratios. In chemistry, pH is a logarithmic measure for the acidity of an aqueous 

solution. Logarithms are commonplace in scientific formulae, and in measurements 

of the complexity of algorithms and of geometric objects called fractals. They 

describe musical intervals, appear in formulae counting prime numbers, inform 

some models in psychophysics, and can aid in forensic accounting. 

 

In the same way as the logarithm reverses exponentiation, the complex logarithm is 

the inverse function of the exponential function applied to complex numbers. The 

discrete logarithm is another variant; it has applications in public-key 

cryptography. The idea of logarithms is to reverse the operation of exponentiation, 
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that is raising a number to a power. For example, the third power (or cube) of 2 is 

8, because 8 is the product of three factors of 2: 

 

Definition 

The logarithm of a positive real number x with respect to base b, a positive real 

number not equal to 1[nb 1], is the exponent by which b must be raised to yield x. 

In other words, the logarithm of x to base b is the solution y to the equation[2] 

 

 

The logarithm is denoted "logb(x)" (pronounced as "the logarithm of x to base b" 

or "the base-b logarithm of x"). In the equation y = logb(x), the value y is the 

answer to the question "To what power must b be raised, in order to yield x?". This 

question can also be addressed (with a richer answer) for complex numbers, which 

is done in section "Complex logarithm", and this answer is much more extensively 

investigated in the page for the complex logarithm. 

 

Logarithmic identities 

Main article: List of logarithmic identities 

Several important formulas, sometimes called logarithmic identities or log laws, 

relate logarithms to one another. 

 

Product, quotient, power and root 

The logarithm of a product is the sum of the logarithms of the numbers being 

multiplied; the logarithm of the ratio of two numbers is the difference of the 

logarithms. The logarithm of the p-th power of a number is p times the logarithm 

of the number itself; the logarithm of a p-th root is the logarithm of the number 

divided by p. 

 

Particular bases[edit] 

Among all choices for the base, three are particularly common. These are b = 10, b 

= e (the irrational mathematical constant ≈ 2.71828), and b = 2. In mathematical 

analysis, the logarithm to base e is widespread because of its particular analytical 

properties explained below. On the other hand, base-10 logarithms are easy to use 

for manual calculations in the decimal number system: 

 

Thus, log10(x) is related to the number of decimal digits of a positive integer x: the 

number of digits is the smallest integer strictly bigger than log10(x).[6] For 

example, log10(1430) is approximately 3.15. The next integer is 4, which is the 

number of digits of 1430. The logarithm to base two is used in computer science, 

where the binary system is ubiquitous, and in music theory, where a pitch ratio of 
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two (the octave) is ubiquitous and the cent is the binary logarithm (scaled by 1200) 

of the ratio between two adjacent equally-tempered pitches. 

 

The following table lists common notations for logarithms to these bases and the 

fields where they are used. Many disciplines write log(x) instead of logb(x), when 

the intended base can be determined from the context. The notation blog(x) also 

occurs. The "ISO notation" column lists designations suggested by the 

International Organization for Standardization (ISO 31-11). 

 

Predecessors 

The Babylonians sometime in 2000–1600 BC may have invented the quarter 

square multiplication algorithm to multiply two numbers using only addition, 

subtraction and a table of quarter squares. However, it could not be used for 

division without an additional table of reciprocals (or the knowledge of a 

sufficiently simple algorithm to generate reciprocals). Large tables of quarter 

squares were used to simplify the accurate multiplication of large numbers from 

1817 onwards until this was superseded by the use of computers. 

 

The Indian mathematician Virasena worked with the concept of ardhaccheda: the 

number of times a number of the form 2n could be halved. For exact powers of 2, 

this is the logarithm to that base, which is a whole number; for other numbers, it is 

undefined. He described relations such as the product formula and also introduced 

integer logarithms in base 3 (trakacheda) and base 4 (caturthacheda) 

 

Michael Stifel published Arithmetica integra in Nuremberg in 1544, which 

contains a table of integers and powers of 2 that has been considered an early 

version of a logarithmic table. 

 

From Napier to Euler 

 

John Napier (1550–1617), the inventor of logarithms 

The method of logarithms was publicly propounded by John Napier in 1614, in a 

book titled Mirifici Logarithmorum Canonis Descriptio (Description of the 

Wonderful Rule of Logarithms).[19][20] Joost Bürgi independently invented 

logarithms but published six years after Napier. 

 

Johannes Kepler, who used logarithm tables extensively to compile his Ephemeris 

and therefore dedicated it to Napier,remarked: 
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… the accent in calculation led Justus Byrgius [Joost Bürgi] on the way to these 

very logarithms many years before Napier's system appeared; but … instead of 

rearing up his child for the public benefit he deserted it in the birth. 

 

By repeated subtractions Napier calculated (1 − 10−7)L for L ranging from 1 to 

100. The result for L=100 is approximately 0.99999 = 1 − 10−5. Napier then 

calculated the products of these numbers with 107(1 − 10−5)L for L from 1 to 50, 

and did similarly with 0.9998 ≈ (1 − 10−5)20 and 0.9 ≈ 0.99520. These 

computations, which occupied 20 years, allowed him to give, for any number N 

from 5 to 10 million, the number L that solves the equation.  

 

Logarithm tables, slide rules, and historical applications 
 

The 1797 Encyclopædia Britannica explanation of logarithms 

By simplifying difficult calculations, logarithms contributed to the advance of 

science, and especially of astronomy. They were critical to advances in surveying, 

celestial navigation, and other domains. Pierre-Simon Laplace called logarithms 

 

"...[a]n admirable artifice which, by reducing to a few days the labour of many 

months, doubles the life of the astronomer, and spares him the errors and disgust 

inseparable from long calculations." 

 

A key tool that enabled the practical use of logarithms before calculators and 

computers was the table of logarithms. The first such table was compiled by Henry 

Briggs in 1617, immediately after Napier's invention. Subsequently, tables with 

increasing scope and precision were written. These tables listed the values of 

logb(x) and bx for any number x in a certain range, at a certain precision, for a 

certain base b (usually b = 10). For example, Briggs' first table contained the 

common logarithms of all integers in the range 1–1000, with a precision of 8 

digits. As the function f(x) = bx is the inverse function of logb(x), it has been 

called the antilogarithm. The product and quotient of two positive numbers c and d 

were routinely calculated as the sum and difference of their logarithms. The 

product cd or quotient c/d came from looking up the antilogarithm of the sum or 

difference, also via the same table: 

 

Another critical application was the slide rule, a pair of logarithmically divided 

scales used for calculation. The non-sliding logarithmic scale, Gunter's rule, was 

invented shortly after Napier's invention. William Oughtred enhanced it to create 

the slide rule—a pair of logarithmic scales movable with respect to each other. 

Numbers are placed on sliding scales at distances proportional to the differences 
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between their logarithms. Sliding the upper scale appropriately amounts to 

mechanically adding logarithms. For example, adding the distance from 1 to 2 on 

the lower scale to the distance from 1 to 3 on the upper scale yields a product of 6, 

which is read off at the lower part. The slide rule was an essential calculating tool 

for engineers and scientists until the 1970s, because it allows, at the expense of 

precision, much faster computation than techniques based on tables. 

 

A deeper study of logarithms requires the concept of a function. A function is a 

rule that, given one number, produces another number.[38] An example is the 

function producing the x-th power of b from any real number x, where the base b is 

a fixed number. This function is written 

 

 

Logarithmic function 

To justify the definition of logarithms, it is necessary to show that the equation 

 

 

has a solution x and that this solution is unique, provided that y is positive and that 

b is positive and unequal to 1. A proof of that fact requires the intermediate value 

theorem from elementary calculus. This theorem states that a continuous function 

that produces two values m and n also produces any value that lies between m and 

n. A function is continuous if it does not "jump", that is, if its graph can be drawn 

without lifting the pen. 

 

This property can be shown to hold for the function f(x) = bx. Because f takes 

arbitrarily large and arbitrarily small positive values, any number y > 0 lies 

between f(x0) and f(x1) for suitable x0 and x1. Hence, the intermediate value 

theorem ensures that the equation f(x) = y has a solution. Moreover, there is only 

one solution to this equation, because the function f is strictly increasing (for b > 

1), or strictly decreasing (for 0 < b < 1). 

 

The unique solution x is the logarithm of y to base b, logb(y). The function that 

assigns to y its logarithm is called logarithm function or logarithmic function (or 

just logarithm). 

 

Inverse function 

The formula for the logarithm of a power says in particular that for any number x, 
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In prose, taking the x-th power of b and then the base-b logarithm gives back x. 

Conversely, given a positive number y, the formula 

 

says that first taking the logarithm and then exponentiating gives back y. Thus, the 

two possible ways of combining (or composing) logarithms and exponentiation 

give back the original number. Therefore, the logarithm to base b is the inverse 

function of f(x) = b
x
.
[42]

 

Inverse functions are closely related to the original functions. 

Their graphs correspond to each other upon exchanging the x- and the y-

coordinates (or upon reflection at the diagonal line x = y), as shown at the right: a 

point (t, u = b
t
) on the graph of f yields a point (u, t = logbu) on the graph of the 

logarithm and vice versa. As a consequence, logb(x) diverges to infinity (gets 

bigger than any given number) if x grows to infinity, provided that b is greater than 

one. In that case, logb(x) is an increasing function. For b < 1, logb(x) tends to minus 

infinity instead. When x approaches zero, logb(x) goes to minus infinity for b > 

1 (plus infinity for b < 1, respectively). 

 

Logarithms are easy to compute in some cases, such as log10(1,000) = 3. In 

general, logarithms can be calculated using power series or the arithmetic-

geometric mean, or be retrieved from a precalculated logarithm table that provides 

a fixed precision. Newton's method, an iterative method to solve equations 

approximately, can also be used to calculate the logarithm, because its inverse 

function, the exponential function, can be computed efficiently. Using look-up 

tables, CORDIC-like methods can be used to compute logarithms if the only 

available operations are addition and bit shifts. Moreover, the binary logarithm 

algorithm calculates lb(x) recursively based on repeated squarings of x, taking 

advantage of the relation. 

 

Applications 

A nautilus displaying a logarithmic spiral 

Logarithms have many applications inside and outside mathematics. Some of these 

occurrences are related to the notion of scale invariance. For example, each 

chamber of the shell of a nautilus is an approximate copy of the next one, scaled by 

a constant factor. This gives rise to a logarithmic spiral. Benford's law on the 

distribution of leading digits can also be explained by scale invariance. Logarithms 

are also linked to self-similarity. For example, logarithms appear in the analysis of 

algorithms that solve a problem by dividing it into two similar smaller problems 

and patching their solutions. The dimensions of self-similar geometric shapes, that 

http://en.wikipedia.org/wiki/Composition_(mathematics)
http://en.wikipedia.org/wiki/Inverse_function
http://en.wikipedia.org/wiki/Inverse_function
http://en.wikipedia.org/wiki/Logarithm#cite_note-45
http://en.wikipedia.org/wiki/Graph_(mathematics)
http://en.wikipedia.org/wiki/Divergent_sequence
http://en.wikipedia.org/wiki/Increasing_function
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is, shapes whose parts resemble the overall picture are also based on logarithms. 

Logarithmic scales are useful for quantifying the relative change of a value as 

opposed to its absolute difference. Moreover, because the logarithmic function 

log(x) grows very slowly for large x, logarithmic scales are used to compress 

large-scale scientific data. Logarithms also occur in numerous scientific formulas, 

such as the Tsiolkovsky rocket equation, the Fenske equation, or the Nernst 

equation. 

 

Logarithmic scale 

A logarithmic chart depicting the value of one Goldmark in Papiermarks during the 

German hyperinflation in the 1920s 

Scientific quantities are often expressed as logarithms of other quantities, using a 

logarithmic scale. For example, the decibel is a logarithmic unit of measurement. It 

is based on the common logarithm of ratios—10 times the common logarithm of a 

power ratio or 20 times the common logarithm of a voltage ratio. It is used to 

quantify the loss of voltage levels in transmitting electrical signals,[62] to describe 

power levels of sounds in acoustics,[63] and the absorbance of light in the fields of 

spectrometry and optics. The signal-to-noise ratio describing the amount of 

unwanted noise in relation to a (meaningful) signal is also measured in 

decibels.[64] In a similar vein, the peak signal-to-noise ratio is commonly used to 

assess the quality of sound and image compression methods using the logarithm. 

 

The strength of an earthquake is measured by taking the common logarithm of the 

energy emitted at the quake. This is used in the moment magnitude scale or the 

Richter scale. For example, a 5.0 earthquake releases 10 times and a 6.0 releases 

100 times the energy of a 4.0.[66] Another logarithmic scale is apparent 

magnitude. It measures the brightness of stars logarithmically.[67] Yet another 

example is pH in chemistry; pH is the negative of the common logarithm of the 

activity of hydronium ions (the form hydrogen ions H+ 

 take in water).[68] The activity of hydronium ions in neutral water is 10−7 

mol·L−1, hence a pH of 7. Vinegar typically has a pH of about 3. The difference of 

4 corresponds to a ratio of 104 of the activity, that is, vinegar's hydronium ion 

activity is about 10−3 mol·L−1. 

 

Semilog (log-linear) graphs use the logarithmic scale concept for visualization: one 

axis, typically the vertical one, is scaled logarithmically. For example, the chart at 

the right compresses the steep increase from 1 million to 1 trillion to the same 

space (on the vertical axis) as the increase from 1 to 1 million. In such graphs, 

exponential functions of the form f(x) = a · bx appear as straight lines with slope 

equal to the logarithm of b. Log-log graphs scale both axes logarithmically, which 
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causes functions of the form f(x) = a · xk to be depicted as straight lines with slope 

equal to the exponent k. This is applied in visualizing and analyzing power laws. 

 

Psychology 

Logarithms occur in several laws describing human perception: Hick's law 

proposes a logarithmic relation between the time individuals take for choosing an 

alternative and the number of choices they have. Fitts's law predicts that the time 

required to rapidly move to a target area is a logarithmic function of the distance to 

and the size of the target. In psychophysics, the Weber–Fechner law proposes a 

logarithmic relationship between stimulus and sensation such as the actual vs. the 

perceived weight of an item a person is carrying. (This "law", however, is less 

precise than more recent models, such as the Stevens' power law.) 

 

Psychological studies found that individuals with little mathematics education tend 

to estimate quantities logarithmically, that is, they position a number on an 

unmarked line according to its logarithm, so that 10 is positioned as close to 100 as 

100 is to 1000. Increasing education shifts this to a linear estimate (positioning 

1000 10x as far away) in some circumstances, while logarithms are used when the 

numbers to be plotted are difficult to plot linearly. 

 

Probability theory and statistics 
Three probability density functions (PDF) of random variables with log-normal 

distributions. The location parameter μ, which is zero for all three of the PDFs 

shown, is the mean of the logarithm of the random variable, not the mean of the 

variable itself. 

 

Distribution of first digits (in %, red bars) in the population of the 237 countries of 

the world. Black dots indicate the distribution predicted by Benford's law. 

Logarithms arise in probability theory: the law of large numbers dictates that, for a 

fair coin, as the number of coin-tosses increases to infinity, the observed 

proportion of heads approaches one-half. The fluctuations of this proportion about 

one-half are described by the law of the iterated logarithm. 

 

Logarithms also occur in log-normal distributions. When the logarithm of a 

random variable has a normal distribution, the variable is said to have a log-normal 

distribution. Log-normal distributions are encountered in many fields, wherever a 

variable is formed as the product of many independent positive random variables, 

for example in the study of turbulence. 
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Logarithms are used for maximum-likelihood estimation of parametric statistical 

models. For such a model, the likelihood function depends on at least one 

parameter that must be estimated. A maximum of the likelihood function occurs at 

the same parameter-value as a maximum of the logarithm of the likelihood (the 

"log likelihood"), because the logarithm is an increasing function. The log-

likelihood is easier to maximize, especially for the multiplied likelihoods for 

independent random variables. 

 

Benford's law describes the occurrence of digits in many data sets, such as heights 

of buildings. According to Benford's law, the probability that the first decimal-digit 

of an item in the data sample is d (from 1 to 9) equals log10(d + 1) − log10(d), 

regardless of the unit of measurement. Thus, about 30% of the data can be 

expected to have 1 as first digit, 18% start with 2, etc. Auditors examine deviations 

from Benford's law to detect fraudulent accounting. 

 

Computational complexity 

Analysis of algorithms is a branch of computer science that studies the 

performance of algorithms (computer programs solving a certain problem). 

Logarithms are valuable for describing algorithms that divide a problem into 

smaller ones, and join the solutions of the subproblems. 

 

For example, to find a number in a sorted list, the binary search algorithm checks 

the middle entry and proceeds with the half before or after the middle entry if the 

number is still not found. This algorithm requires, on average, log2(N) 

comparisons, where N is the list's length.[86] Similarly, the merge sort algorithm 

sorts an unsorted list by dividing the list into halves and sorting these first before 

merging the results. Merge sort algorithms typically require a time approximately 

proportional to N · log(N). The base of the logarithm is not specified here, because 

the result only changes by a constant factor when another base is used. A constant 

factor, is usually disregarded in the analysis of algorithms under the standard 

uniform cost model. 

 

A function f(x) is said to grow logarithmically if f(x) is (exactly or approximately) 

proportional to the logarithm of x. (Biological descriptions of organism growth, 

however, use this term for an exponential function.) For example, any natural 

number N can be represented in binary form in no more than log2(N) + 1 bits. In 

other words, the amount of memory needed to store N grows logarithmically with 

N. 


